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Motivated by realistic scattering processes of composite systems, we study the dynamics of a two-
particle bound system which is scattered at a mirror. We consider two different scenarios: In the
first case we assume that only one particle interacts directly with the mirror whereas in the second
case both particles are scattered. The coherence between the transmitted and the reflected wave-
packet is reduced when the internal degree of freedom (the relative coordinate) of the bound system
becomes excited. Depending on the particular system-mirror interaction, long-lived resonances can
occur.
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I. INTRODUCTION.
The superposition principle is of prime importance in
quantum mechanics and has been demonstrated for neu-
trons [1], in superconductors [2–5], in nanomagnets [6–8],
with trapped ions [9], with photons in cavities [10] and
for large molecules [11]. Nevertheless, interferences of
macroscopic objects are not yet accessible [13]. Macro-
scopic Schro¨dinger Cat states are of particular interest
in the context of the quantum-to-classical transition [14–
16], tests of collapse models [17–20] and the search for
gravitational decoherence [21–26]. A major difficulty is
the strong suppression of coherences since macroscopic
systems cannot be isolated completely from their envi-
ronment and the emission and absorption of blackbody
radiation washes out the interference pattern [21].
The preparation of a spatial (macroscopic) superpo-
sition requires that the wavefunction of the composite
object is split into two (or more) components. This can
be done, for example, with an apparatus which acts as a
partially silvered mirror, separating the incoming wave-
packet into a reflected and a transmitted part. In the
following we will show that long-lived resonances can oc-
cur due to the presence internal degrees of freedom of
the composite object. Furthermore, the wavepacket com-
ponents can decohere partially when internal degrees of
freedom are excited during the scattering process. These
effects are also present when the system is perfectly iso-
lated from the environment.
During a scattering process of a composite object, it is
likely that not all individual constituents interact directly
with the mirror. For example, Rutherford-scattering af-
fects only the protons of α-particles directly whereas the
neutrons do not feel the Coulomb potential of the heavy
nuclei. Since the protons and neutrons are bound to each
other by nuclear forces, the neutrons follow the trajectory
of the protons. The situation that only a part of the com-
posite object interacts with a scattering center is rather
generic, the atom-light interaction being another exam-
ple: Only the dipole moment of the electron is affected
by the electromagnetic field whereas the nucleus is not
sensitive to the wavelength of the photons.
A simple model Hamiltonian, which resembles the in-
teraction of an single (center-of-mass) degree of freedom
with a mirror, is
Hˆ =
pˆ2
2
+ Vˆ (xˆ) , (1)
where we assume that the potential has the form Vˆ (xˆ) =
Vmδ(xˆ). An incoming plane wave with momentum k will
be partially transmitted and reflected, i.e.
ψk(x) =
{
eikx + re−ikx for x < 0
teikx for x > 0 ,
(2)
where the amplitudes for transmission and reflection are
determined by
t =
k
k + iVm
and r = − iVm
k + iVm
. (3)
Choosing k = Vm we have |t|2 = |r|2 = 1/2 which
mimics a half-silvered mirror. The system exhibits a res-
onance for ikres = Vm > 0 and a bound state for Vm < 0.
Since we have Re(kres) = 0, the dynamics of a wavepacket
which is centered around a finite momentum value will
not be affected by the resonance. In the following we
will see how the situation changes when the dynamics of
internal degrees of freedom is taken into account.
II. THE MODEL.
Consider two particles with unit mass and coordinates
x1 and x2. Both particles are tied to each other by a bind-
ing potential Vˆb which depends only on the difference of
the particle positions, xrel = x1 − x2. In general, we al-
low both particles to interact with a mirror and introduce
the scattering potentials V
1/2
m δ(xˆ1/2). The Hamiltonian
which describes the scattering of this bound system is
given by
Hˆ =
pˆ21
2
+
pˆ22
2
+ V 1mδ(xˆ1) + V
2
mδ(xˆ2) + Vˆb(xˆ1 − xˆ2) , (4)
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FIG. 1. When the particles are bound to each other by a hard wall potential, the system corresponds to a two-dimensional
waveguide. The scattering potential V 1mδ(xˆ1) is nonzero along the dotted line whereas V
2
mδ(xˆ2) is nonzero along the dashed
line.
where pˆ1,2 are the momentum operators of the individual
particles.
It is useful to formulate the problem in terms of the
center-of-mass coordinate xˆcm = xˆ1 + xˆ2 and the relative
coordinate xˆrel = xˆ1 − xˆ2. An arbitrary wave-packet is
of the form
Ψ =
∑
n
fn(xcm, t)φn(xrel) , (5)
where the fn are time-dependent functions which only
depend center-of-mass coordinate and the φn fulfill eigen-
value equation
−d
2φn
dx2rel
+ Vb(xrel)φn = nφn . (6)
The choice of the binding potential determines how far
the particles can separate from each other. When we
choose a hard wall potential, the system is related to a
two-dimensional waveguide, see Fig. 1.
Inserting the ansatz (5) into the time-dependent
Schro¨dinger equation, multiplying with φm(xrel) and in-
tegrating over xrel leads to a set of coupled equations,
i∂tfn = − d
2fn
dx2cm
+ nfn +
∑
m
Vnm(xcm)fm . (7)
Vnm is the effective potential which couples the functions
fn. It can be expressed in terms of the eigenfunctions φn
of the binding potential,
Vnm(xcm) =2V
1
mφn(−xcm)φm(−xcm)
+ 2V 2mφn(xcm)φm(xcm) . (8)
We assume that the wave-packet is initially of the form
Ψin =
(
2
piσ2
)1/4
exp
(
iPxcm − (xcm,0 − xcm)
2
σ2
)
φ0(xrel) ,
(9)
where the initial momentum of the center-of-mass coor-
dinate is denoted with P and the spread of the wave
packet with σ. The wave-packet is initially centered to
the left of the mirror, xcm,0 → −∞, and follows a free
evolution before it hits the mirror. The “internal” degree
of freedom is assumed to be in the ground state φ0(xrel).
III. HARMONIC COUPLING.
A simple binding potential is the harmonic cou-
pling Vˆb = Ω
2xˆ2rel with stiffness Ω. From the eigen-
value equation (6) we find that the energy levels of
the internal degree of freedom are n = 2Ω(n + 1/2).
The effective coupling potential Vnm is determined by
the eigenfunctions of the harmonic oscillator, φn =
((Ω/pi)1/4/
√
2nn!)Hn(
√
Ωxrel) exp(−Ωx2rel/2).
A. Asymmetric scattering, V 1m = 0, V
2
m > 0
First, we discuss the situation when only one particle
interacts directly mirror whereas particle 2 is only af-
fected indirectly by the mirror via the binding potential.
This corresponds to the choice V 1m = 0 and V
2
m > 0 in
our model. In oder to mimic a half-silvered mirror, we
choose the parameter V 1m and the initial momentum P
such that half of the wave-packet is transmitted and half
of it is reflected, In Fig. 2 we show the reduced density
matrix ρcm =
∫∞
−∞ dxrelΨ
∗(xcm, xrel)Ψ(x′cm, xrel) and
the square of the modulus of the wavefunction at differ-
ent times. The wavepacket is localized before the scatter-
ing process, see Fig. 2 (a). Then, according to the sketch
in Fig. 1, the scattering occurs at the line x2 = 0 which
can be seen in Fig. 2 (b). After the scattering process,
the reflected and transmitted parts of the wavefunction
separate from the mirror, see Fig. 2 (c).
The scattering process is not adiabatic and higher
modes φn (n > 0) become populated. The initial prod-
uct state (9) evolves to a general superposition (5). In
Fig. 3 (a) and Fig. 3 (b) we depict the time-evolution of
pn,L =
∫ 0
−∞ |fn|2dxcm and pn,R =
∫∞
0
|fn|2dxcm which
are the probabilities to find the internal degree of free-
dom in the state φn if the state is measured to the
left or to the right from the mirror. Since half of the
wavepacket is transmitted and half of it is reflected, we
have
∑
n pn,L =
∑
n pn,R = 0.5 after the scattering.
The composite system is in a pure state which allows
us to characterize the excitation of the wave-packet by
the entanglement-entropy, S = −tr(ρˆcm ln ρˆcm). The en-
tropy changes only during the scattering process since the
free time-evolution does not excite the internal degree of
freedom, see Fig. 4 (a),
3(a) (b) (c)
FIG. 2. Dynamics of the scattering process. Top: Absolute value of the reduced density matrix ρcm. Bottom: Absolute value
of the wavefunction. (a) Initial configuration of the wavepacket. (b) The scattering process occurs at the line x2 = 0. (c) The
reflected part and the transmitted part of the wavefunction are separated from the mirror again.
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FIG. 3. As explained in the text, the internal degree of freedom is more excited in the reflected part (a) than in the transmitted
part (b). In order to achieve that after the scattering process half of the wavepacket is transmitted and half of it is reflected,
we choose P = 10, V 2m = 11, σ = 1/2 and Ω = 10.
Furthermore, the energy of the center-of-mass coordi-
nate and the energy of the internal degree of freedom
is different for the reflected and transmitted part of the
wave-packet, see Fig. 4 (b). The internal degree is more
excited when the bound system is reflected: One particle
is reflected by the mirror, the second one passed through
and is pulled back through the mirror due to the bind-
ing potential Vb. This leads to an increased excitation
compared to the transmission where both particles go
through the mirror without the internal dynamics be-
ing involved. This explains why the pi>0,L (Fig. 3 (a))
are larger than the pi>0,R (Fig. 3 (b)) for t → ∞. The
reflected and transmitted parts of the center of mass mo-
tion become disentangled.
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FIG. 4. (a) Time-evolution of the entanglement-entropy for asymmetric scattering. (b) Time-evolution of the center-of-mass
energy Ecm = 〈pˆ2cm〉 and the internal energy Erel = 〈pˆ2rel + Vˆb〉 of the wave-packet to the left (L) and to the right (R) of the
mirror.
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FIG. 5. Symmetric scattering of the two-particle bound state. (a) and (b) Time-evolution of the occupation probabilities for
the modes of the internal degree of freedom to the left (L) and to the right (R) of the mirror. Due to the symmetry of the
scattering potential, the antisymmetric modes are not occupied. In order to achieve that after the scattering process half of
the wavepacket is transmitted and half of it is reflected, we choose P = 12, V
1/2
m = 15, σ = 1/2 and Ω = 5. Time-evolution of
the entanglement-entropy (c), the center-of-mass energy and internal energy (d).
B. Symmetric scattering, V 1m = V
2
m > 0
In the following we discuss the case when both par-
ticles interact directly with the mirror with the same
strength, i.e. V 1m = V
2
m > 0. Again, we choose the initial
momentum and the value of V 1,2m such that half of the
wave-packet is transmitted and half of it is reflected. The
scattering potential does not mix the symmetric modes
φn, (n = 0, 2, 4, ...) with the antisymmetric modes φn,
(n = 1, 3, 5, ...). Therefore antisymmetric modes do not
become excited when the system is initially in the ground
state, see Fig. 5. This in turn implies that the energy gap
between ground state and first accessible excited state is
2− 0 = 4Ω rather than 1− 0 = 2Ω. As a consequence,
the increase of entanglement-entropy is smaller for the
symmetric scattering than it is for the asymmetric scat-
tering, compare Fig. 4 (a) and Fig. 5 (c). Furthermore,
the energy transfer from the center-of-mass motion to
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FIG. 6. Symmetric scattering of the bound state. (a) Re-
duced density matrix ρˆcm after the scattering. A part of the
wavefunction is trapped at the mirror. (b) Wavefunction after
the scattering process. (c) The wavefunction is trapped in the
triangles which are defined by the lines x1 = 0 and x2 = 0.
the relative motion is smaller, compare Fig. 4 (b) and
Fig. 5 (d).
An interesting feature of the symmetric scattering is
that it takes a rather long time before the occupation
probabilities become temporal constants. This is due to
the occurence of long-lived resonances. Intuitively, this
can be understood from the sketch in Fig. 1: When par-
ticle 1 is reflected at x1 = 0, it pulls back particle 2, then
particle 2 is reflected at x2 = 0 and particle 1 is pulled
back. This can happen several times until the wave-
packet finally separates from the mirror. As a result,
a part of the wave-function is trapped in the “triangles”
for a finite time. Although most of the wave-function has
separated from the mirror after the scattering, there is
a non-vanishing probability to find the particles at the
mirror. The interference pattern of ρˆcm after the scatter-
ing process is depicted in Fig. 6 (a) whereas the wave-
function is shown in Fig. 6 (b). In Fig. 6 (c) one can see
how the wave-function is trapped in the triangles.
IV. RESONANCES.
In general, resonances can be characterized as eigenval-
ues of the Hamiltonian which is subject to non-hermitian
boundary conditions. A simple example was given in
the introduction: The scattering of a particle at a delta-
function potential with positive prefactor Vm exhibits a
resonance for the wavenumber kres = −iVm. The corre-
sponding wave-function is not in the Hermitian sector of
the domain of the physical Hamiltonian and grows expo-
nentially for large |x|, ψ ∼ eVm|x|. In the following we
use the complex scaling method to determine the posi-
tion of the resonances [28–32]: The core of this method
is a transformation of the Hamiltonian such that the
resonant eigenfunctions become square integrable. For
the problem at hand, this can be achieved by trans-
forming the the center-of-mass coordinate according to
xcm → eiθxcm. When the angle θ is large enough, the
eigenfunction of a particular resonance decreases expo-
nentially for |xcm| → ±∞. Thus, the complex energy
Eres can be determined from the eigenvalue problem for
the transformed Hamiltonian. The value of Eres is lo-
cally independent on θ and appears as isolated point in
the spectrum, see Appendix. The life-time τ of a reso-
nance is determined by the imaginary part of the reso-
nant energy via τ = −1/(2ImEres). Thus, the closer the
resonant energy is to the real axis, the longer is the decay
time.
For asymmetric scattering, we find that the resonances
are far away from the real axis, see Fig. 7 (a). However,
when both particles interact with the mirror, i.e. V 1m =
V 2m > 0, the resonances can be long-lived, see Fig. 7 (b).
The effect on the dynamics becomes apparent from the
amplitude of the wavefunction at the mirror: For asym-
metric scattering, the amplitude at the mirror vanishes
immediately (Fig. 2) whereas the decrease of the ampli-
tude during symmetric scattering is much slower (Fig. 6).
In Fig. 8 (a), we show the amplitude for symmetric scat-
tering at various times. Even when the parameters of the
model are choosen such that most of the bound system
is reflected (corresponding to a totally reflecting mirror),
a part of the wave-function is trapped temporarily at the
repulsive scattering potential, see Fig. 8 (b).
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FIG. 7. Spectrum of the Hamiltonian after analytical continuation. The lines denote the continuous part of the spectrum and
the blue dots are the resonances. (a) Asymmetric scattering: The parameters are Ω = 5, V 1m = 0, V
2
m = 30 and θ = 0.35. The
resonances are short-lived when only particle interact directly with the mirror. (b) Symmetric scattering: The parameters are
Ω = 5, V 1m = V
2
m = 30 and θ = 0.1. The resonances can be long-lived when both particles interact directly with the mirror.
Note that the inverse life-times Im(E) for asymmetric scattering (a) and for symmetric scattering (b) differ by a factor of 100
for the same choice of parameters. The resonance which is closest to the real axis has an inverse lifetime of |Im(Eres)| = 0.0089.
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FIG. 8. (a) Wave-function for t = 0.5 (black), t = 0.8 (blue), and t = 1.1 (red). The inset shows the part of the wave-packet
which is trapped at the mirror. The parameters are the same as in Fig. 5. (b) Wave-function for t = 1 (black), t = 1.5 (blue),
and t = 2 (red). We selected the parameters V 1,2m = 20, Ω = 5, P = 8, and σ = 1/2.
V. WKB ANALYSIS
It is possible to analyze the Schro¨dinger equation (7)
within a WKB approximation which will give a qualita-
tive understanding for the occurence of the resonances.
For this, we turn to the time-independent version of (7)
using the ansatz f = fEe
−iEt. After reintroducing ~, the
time-independent Schro¨dinger equation has the form
E fE = −~2 dfE
dx2cm
+ (ˆ+ Vˆ )fE . (10)
We choose the ansatz
fE = Mˆe
i
Sˆ0
~ Aˆv , (11)
where v = (0, ...0, 1, 0, ..., 0) is a unit vector and Mˆ , Aˆ
and Sˆ0 are matrices. Up order unity we obtain a first-
order differential equation for Sˆ0,(
dSˆ0
dxcm
)2
+ Mˆ−1(ˆ+ Vˆ )Mˆ = E. (12)
If we demand that the matrix Sˆ0 is diagonal, the matrix
Mˆ−1(ˆ + Vˆ )Mˆ = VˆD has to be of diagonal form which
in turn determines Mˆ . Up to order ~, we obtain as a
condition for Aˆ
0 =2e−i
Sˆ0
~
(
dSˆ0
dxcm
)−1
Mˆ−1
dMˆ
dxcm
(
dSˆ0
dxcm
)
ei
Sˆ0
~
+ 2
(
dAˆ
dxcm
)
Aˆ−1 +
d2Sˆ0
dx2cm
. (13)
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FIG. 9. Effective potentials for Ω = 0.1 and V = 10. (a) V− has no resonance since the local minimum is too shallow.
(b) V+ has two resonances which are related to a symmetric and an antisymmetric state. The inset shows the energy splitting
of the states.
If the potential matrix were spatially constant, the first
term in equation (13) would vanish. For simplicity we
assume that the potential matrix Vˆ variies slowly such
that we can neglect dMˆ/dxcm. The WKB solution takes
then the form
fWKBE (xcm) = Mˆ(xcm)g
WKB
E (xcm) (14)
with
gWKBE (xcm) =
exp
(
±i ∫ xcm
0
dx′cm
√
E − VˆD(x′cm)
)
√
E − VˆD(xcm)
v .
(15)
Here we assumed that the the energy is larger than the
entries of the potential matrix. Otherwise one has expo-
nential increasing or decreasing WKB-solutions.
In the following, we limit our considerations to the
modes n = 0 and n = 2 and assume a symmetric scat-
tering process with V 1m = V
2
m = V > 0. Therefore, we
assume that the excitations related to n = 4, 6, ... can be
disregarded. Within the order of approximation, we have
two modes
gWKBE,− (xcm) = g
WKB
− (xcm)
(
0
1
)
(16)
and
gWKBE,+ (xcm) = g
WKB
+ (xcm)
(
1
0
)
(17)
which are WKB-solutions of the eigenvalue equations
−d
2g±
dx2cm
+ V±(xcm)g± = Eg± . (18)
The potentials are given by
V± =
1
2
[
0 + 2 + 4V (φ
2
0 + φ
2
2)
±
√
[0 − 2 + 4V (φ20 − φ22)]2 + 64V 2φ20φ22
]
. (19)
For positive V , we have V±(xcm) > V±(xcm → ±∞)
such that bound states are not possible but resonances
can appear. Indeed, V− has one local minimum whereas
V+ has two local minima, see Fig. 9. If the scattering
potential is much larger than the internal level spacing,
V  Ω1/2, the potentials can be approximated by
V−(xcm) =
Ω(11− 4Ωx2cm + 4Ω2x4cm)
3− 4Ωx2cm + 4Ω2x4cm
(20)
and
V+(xcm) =
2
√
ΩV e−Ωx
2
cm√
pi
(3− 4Ωx2cm + 4Ω2x4cm) . (21)
For the potential V− (see Fig. 9 (a)), we find that the
local minimum is too shallow to support a resonance. In
contrary, the potential V+ (see Fig. 9 (a)) supports for
V  Ω1/2 two resonances which correspond to a sym-
metric and an anti-symmetric state. The energies are
given by
ES/Ares = Vmin + ω ±
ω
pi
e−α − iω
pi
e−2β , (22)
where Vmin ≈ 1.20 Ω1/2V and ω ≈ 2.14 Ω3/4V 1/2 are
the value of the potential V+ at the local minima and
the stiffness, respectively. Furthermore, the exponent
α ≈ −1.20 + 1.22 Ω−1/4V 1/2 determines the tunnel cou-
pling between the minima and the exponent β ≈ −1.91+
0.45 Ω−1/4V 1/2 determines the decay rate of the reso-
nance.
VI. CONCLUSION.
We have shown with a simple model that resonances
can occur in the scattering process of a composite sys-
tem. In particular we studied the splitting of a wave-
packet by a potential which mimics a partially silvered
mirror. Depending on the particular system-mirror we
8found long-living and short-living resonances. If both
particles interact with the mirror, it is possible that the
composite system is trapped at the mirror for a finite
time. We want to emphasize that these resonances occur
due to the interaction between a purely repulsive poten-
tial (mirror) and the internal attractive potential. In
contrast, resonances and even bound states would not be
surprising for an attractive mirror potential.
When internal degrees of freedom become excited
during the scattering process, partial which-path-
information can be obtained since the modes of the re-
flected and the transmitted wave-packet are populated
differently. Our findings should be of importance in
the context of state preparation of mesoscopic objects
or double-slit experiments with composite systems. In
particular, the excitations of internal degrees of freedom
have to be taken into account when the superposition
principle is tested on a macroscopic scale, e.g. with op-
tical trapped microspheres [21, 33].
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APPENDIX
In the following we give a brief introduction into the
method of complex scaling which allows to determine the
position of resonances.
Resonances result from imposing outgoing boundary
conditions on the eigenfunctions of a time-independent
Hamiltonian. For our discussion, we consider the Hamil-
tonian of a particle which moves in a potential V (xˆ). The
Hamiltonian is given by
Hˆ = pˆ2 + Vˆ (xˆ) (23)
and the asymptotic form of a general solution to the time-
independent Schro¨dinger equation takes the form
ψk(x→ +∞) = A+(k)e−ikx +B+(k)e+ikx (24)
ψk(x→ −∞) = A−(k)e+ikx +B−(k)e−ikx . (25)
Here we assumed that the potential vanishes for x→ ±∞
and k is the asymptotic momentum of the particle. When
the amplitude of the incoming wave, A±, vanishes at k =
kres, the system exhibits a bound state (for Re(res) > 0
and Im(res) = 0) or a resonance (for Re(res) > 0 and
Im(res) < 0). The imaginary part of the corresponding
energy, Eres = k
2
res is the lifetime of the resonance. The
complex wave vector is given by kres = |kres|e−iφ, where
φ = −1
2
arctan
(
Im(Eres)
Re(Eres)
)
(26)
lies in the range 0 < φ < pi/2 for a resonant eigenfunc-
tion. Asymptotically, the eigenfunctions adopt the form
ψkres(x→ +∞) = B+(kres)ei|kres| cos(φ)xe|kres| sin(φ)x
(27)
ψkres(x→ −∞) = B−(kres)e−i|kres| cos(φ)xe−|kres| sin(φ)x .
(28)
Since the functions diverge for x → ±∞ they are
not eigenfunctions of an hermitian operator. Com-
plex scaling is based on a scaling transformation of the
time-independent Schro¨dinger equation such that the
(transformed) resonant eigenfunction becomes square-
integrable. Then the resonant eigenenergies can be de-
termined from an eigenvalue equation of the transformed
(non-hermitian) Hamiltonian. A general scaling operator
is of the form
Sˆ =
√
ηeln ηx
∂
∂x (29)
and transforms a wave-function according to
Sˆψ(x) =
√
ηψ(ηx) . (30)
Choosing η = eiθ, the coordinate is rotated into the com-
plex plane. The Hamiltonian is transformed according to
Hˆ(θ) = SˆHˆSˆ−1 = pˆ2e−2iθ + Vˆ (xˆeiθ) , (31)
9where we assumed that the potential can be analytically
continued into the complex plane. When the system has
no energy threshold, the energies of the continuum states
are Econt = k
2. The states themselves are combinations
of ingoing and outgoing waves,
ψcontk (x) = A(k)
−ikx +B(k)ikx (32)
and will be transformed under complex scaling to
ψcontk (xe
iθ) = A(k)−ikxe
iθ
+B(k)ikxe
iθ
. (33)
The only solutions which do not diverge have the wave
vectors k = |k|e−iθ. Thus, the continuum energies are
rotated into the complex plane according to Econt(θ) =
Econte
−2iθ. Since we assumed that the system has no
energy threshold, the branch point of the rotated contin-
uum is the origin of the complex energy plane.
A resonant wavefunction with the asymptotics (27)
and (28) becomes square-integrable when
θ ≥ φ . (34)
The corresponding eigenvalue Eres of the analytical con-
tinued (non-hermitian) Hamiltonian H(θ) appears as iso-
lated point in the spectrum when the condition (34) is
satisfied. It can be shown that Eres is locally indepen-
dent of θ although the corresponding transformed eigen-
function ψkres(xe
iθ) varies with θ.
For the analysis of the two-particle bound system, it
is necessary to generalize the discussion. Due to the in-
ternal structure of the bound system, there are infinitely
many coupled mode functions fn. Each function fn cor-
responds to an energy threshold n and has the asymp-
totic form
fn,k(x→ +∞) =An,+(k)e−i
√
k2−nx
+Bn,+(k)e
+i
√
k2−nx (35)
fn,k(x→ −∞) =An,−(k)e+i
√
k2−nx
+Bn,−(k)e−i
√
k2−nx . (36)
At a resonance, at least one of the mode functions satis-
fies the outgoing boundary condition
fn,kres(xcm) ∼
{
ei
√
k2res−nxcm for x→∞
e−i
√
k2res−nxcm for x→ −∞ .
(37)
The asymptotic form of this component of the wavefunc-
tion reads
fn,kres(xcm →∞) ∼ eianxcmebnxcm →∞ (38)
which diverges for large xcm since
an = |Eres − n|1/2 cos(φn) (39)
bn = |Eres − n|1/2 sin(φn) > 0 (40)
φn =
1
2
arctan
(
Im(Eres)
Re(Eres)− n
)
. (41)
Acting with a complex-scaling operator on the wave-
function which transforms xcm → eiθxcm, we find that
the wavefunction becomes square integrable for angles
θ ≥ φn. The continuum energies are rotated into the
complex and start at the branch points n,
Econt(θ) = n + (Econt − n)e−2iθ . (42)
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